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a b s t r a c t
We discuss a scheme for the coherent control of light and plasmons in nanoparticles that have nonlocal
dielectric permittivity and contain nonlinear impurities or color centers. We consider particles which
have a response to light that is strongly inﬂuenced by plasmons over a broad range of frequencies. Our
coherent control method enables the reduction of absorption and/or suppression of scattering.
& 2016 The Authors. Published by Elsevier B.V. All rights reserved.
1. Introduction
Recent progress in nanophotonics and plasmonics has led to
many important applications, including photovoltaics [1–3], sen-
sors [4] and medicine [5]. Coherent control is a very topical subject
in this area of research as it allows one to enhance the interaction
of light with matter at the nanoscale: several groups have in-
vestigated nonlinear [6] and linear control based on pulse shaping
[7–11], a combination of adaptive feedbacks and learning algo-
rithms [12], as well as optimization of coupling through coherent
absorption [13] and time reversal [14]. Coherent control of second-
harmonic generation has been studied in nanowires [15,16] and
nanospheres [17,18] while, in quantum optics, interference be-
tween ﬁelds was proposed as a way to suppress losses in a beam
splitter [19] and has been recently applied to show control of light
with light in linear plasmonic metamaterials [20]. These control
methods have been applied only to systems with local responses.
Particles with spatially nonlocal response behave very differently
from particles with local response as they support irrotational
charge density waves, such as plasmons, that do not radiate and
can reach the central region of the particle over a large range of
frequencies; on the contrary, particles with local responses sup-
port longitudinal modes only when the real part of the electric
permittivity ϵ is null [21]. As a result, particles with nonlocal re-
sponses also exhibit a shift of the main resonance with respect to
particles with local response for the same geometry and, in some
metals, also have extra resonances at short wavelengths [22–27].
From the point of view of control, the main difference between
media with local and nonlocal response is that in media with
nonlocal response we can use light to control not only internal and
scattered light, but also currents. In previous papers we have de-
veloped a coherent control theory for metallic nanospheres with
diameters of at least 50 nm, for which nonlocal effects may be
important only in a very thin layer at the boundary of the particles
[17,18] where nonlinear processes take place. In this paper we
investigate smaller nanoparticles in which the nonlinearity is due
to an impurity, or color centers, inside the particle and for which
nonlocal effects are important not only at the surface. We focus
here on nanospheres because in this case the theory is fully ana-
lytical, but the approach we develop is based on the interference
of ﬁelds at the surface of the particle and can be applied whenever
longitudinal and transverse waves are both allowed, in-
dependently of the shape of the particle or the origin of the
longitudinal waves. In particular, systems such as core-shell
spherical particles, with diameters of −50 100 nm and an external
layer with nonlocal response of a few nanometers, have similar
properties to the spheres we consider here and interact more
strongly with light. Consequently, these types of systems would be
better from the point of view of applications. In this case, the
control can be modeled similarly to the control method employed
here by using the Mie theory for layered spheres [28,29]. However,
depending on the materials used, there could be electron spill-out
between the inner core and outer layer which would need to be
included in the modeling of nonlocality [30].
We develop coherent control techniques which are extremely
sensitive to phase variations and produce a reduction of the
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absorption and variations of the scattered energy or of the am-
plitudes of the plasmons over several orders of magnitude. These
unusual features enable applications such as detection of deeply
sub wavelength changes in the position of the particle, reduction
of dissipation, suppression of radiative losses, sensing of variations
in the electric permittivity ϵ and magnetic permeability μ and
optical routing.
2. Including nonlocality in Maxwell's equations
When one of the characteristic dimensions of the particle/
structure is of the order of the electron free path, the free current
is governed by a nonlocal equation that admits longitudinal waves.
In the hydrodynamical model [22–27], the nonlocal response is
modeled semi-classically by considering the free charges in the
metal as a ﬂuid governed by the linearized Navier–Stokes equation
and with a pressure term that has a quantum origin and is pro-
portional to the Fermi velocity. The interaction of the particle with
light is then given by Maxwell's equations combined with the
linearized Navier–Stokes equations [31],
μ∇ × = − ∂ ( )E H , 1t
∇ × = ∂ ϵ + ( )
⎡⎣ ⎤⎦H E P , 2t b f
( )γ β ω∂ + ∂ − ∇∇· = ϵ ( )P E, 3tt f t f p2 0 2
where E , H are the electric and magnetic ﬁelds, Pf is the polar-
ization due to the free current density (∂ = )J P J
f t f f
, ϵb is the electric
permittivity due to the bound charges, γf is the damping factor
due to collisions of the free charges, ωp is the plasma frequency of
the material and β = ( )v3/5 F
2 2, with vF the Fermi velocity. The
nonlocal term ∇∇·Pf in (3) affects the interaction of the particle
with light in two ways. First, the electric ﬁeld contains both a
transversal part (∇· = )E E 0T T and a longitudinal part (∇ × = )E E 0L L ,
each with it's own dispersion relation. The longitudinal waves are
expanded in terms of the longitudinal solutions of the Helmholtz
equation and are associated with charge density waves, such as
plasmons, but not to radiation as EL is decoupled from time-de-
pendent magnetic ﬁelds. Secondly, (3) also modiﬁes the interac-
tion with light through an additional boundary condition that is
necessary to determine Pf . This boundary condition is considered
together with the usual continuity of the tangent components of E
and H [32]. In media that do not support a surface density of free
charges, the component of the free current density normal to the
boundary of the particle is continuous [26,27]. At a dielectric-
metal interface, this condition implies that the normal component
of Pf in the metal has to vanish at the boundary, as dielectrics do
not support free currents. Using the integral version of the diver-
gence and an inﬁnitesimal pillbox on the right-hand side of (2)
shows that the normal component of ϵ +E Pb f is also continuous at
the boundary. Therefore the continuity of the normal component
of Pf is equivalent to the continuity of the normal component of
ϵ Eb , which provides the additional boundary condition,
( )^·ϵ = ^·ϵ + ( )n E n E E , 4bi i be s 0
where ϵeb, ϵ
i
b are the permittivity due to bound charges of the
external and internal media respectively, and E i, Es, E0 are the
internal, scattering and incident ﬁelds. From (2) we have
∇· = − ∇·ϵP Ef b , which can be used to ﬁnd the dispersion relation of
the longitudinal waves and to recast the Maxwell equations in
terms of the longitudinal and transverse electric ﬁelds; we then
use the boundary conditions to determine the amplitudes of the
longitudinal and transverse waves. The additional boundary
condition in (4) and the presence of EL lead to modiﬁed Mie
coefﬁcients [33] for the sphere.1
3. Mode structure
At the heart of our theory is the Stratton-Chu representation
theorem that allows one to express any internal and scattered
ﬁelds of any smooth (possibly inhomogeneous) particle in terms of
integral operators acting on the electromagnetic ﬁelds at the sur-
face of the particles [34]. In practice this means that the response
of a particle to light generated by impressed driving sources
(which are either internal or external) can be determined
by expanding the internal and the scattered ﬁelds in terms solu-
tions of Maxwell's equations for the internal and the external
media that can approximate any ﬁeld incident to the surface
of the particle from the inside or the outside with arbitrary
precision [35]. By deﬁning surface ﬁelds with the electric and
magnetic component parallel to the surface of the particle as
( ) ( )≡ − ^ × ^ × − ^ × ^ ×⎡⎣ ⎤⎦f n n E n n H,
T
, where T means transpose, n^
is the unit vector normal to the surface, and the scalar product of
two surface ﬁelds is the overlap integral ∫· = ∑ = *f f f f sdi S1 2 1
3
1 2i i
,
where the index i labels the components of an arbitrary system of
coordinates, the coefﬁcients of the Mie modes of a sphere with
local response are determined by projecting the incident ﬁelds on
these modes using analytical formulae based on the scalar product
deﬁned on the surface [36]. These formulae apply also to particles
whose modes can be found only numerically [35] and are very
useful to determine the phase and amplitude of coherent light
sources in order to modify the linear [36] and nonlinear [17,18]
response of nanoparticles.
For particles with nonlocal response, one has also to include a
complete set of longitudinal modes of the electric ﬁeld corre-
sponding to the plasmons; the coefﬁcients for transverse and
longitudinal modes can be calculated by fulﬁlling the continuity of
the transverse component of the electric and magnetic ﬁelds as
well as the boundary condition in (4) on the normal component of
the electric ﬁeld. To take into account (4), we need to also include
the normal part of the electric ﬁeld in the deﬁnition of the surface
ﬁelds so that they now have ﬁve components,
( ) ( )≡ ^·ϵ − ^ × ^ × − ^ × ^ × ( )⎡⎣ ⎤⎦f n E n n E n n H, , , 5bi e
T
/
where ϵb
e is used for scattered and external ﬁelds, and ϵb
i is used
for the internal ﬁeld.2 The scalar product between surface ﬁelds is
modiﬁed accordingly, and is given by the sum of the overlap in-
tegrals of these ﬁve components. As a consequence of the sphe-
rical symmetry, only modes with the same value of l (orbital an-
gular momentum) andm (angular momentum along z) can couple.
For each value of l and m, using the angular dependence, one can
group the modes into two sets: the set of transverse electric
modes—as in a sphere with local response—and a set of two in-
ternal modes (the transverse magnetic and the longitudinal mode)
and the transverse magnetic scattering mode. In a sphere the
analysis can be limited to sets of modes with the same l and m
because two modes with different l or m are orthogonal. For non
1 Note that in [22] the authors claim that it is not physically possible to dis-
tinguish between free and bound charges and, therefore, that it should be the
normal component of the total current which is continuous at the surface. Using a
similar approach as the one above, this assumption is equivalent to the continuity
of the normal component of the electric ﬁeld [23]. There is very limited difference
in the numerical results given by these two additional boundary conditions and no
experimental evidence to support one over the other.
2 Using the additional boundary condition described in [22,23], the ﬁrst
component of (5) should be replaced by ^·n E
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spherical particles Mie modes can still be used to expand internal
and scattered ﬁelds, but modes with different l and m can be
coupled to one another. However, the Mie modes can be re-
combined to form principal modes that, for any smooth particle,
have the same properties of Mie modes for a sphere [35]. Starting
from sets of internal and scattering modes complete on the surface
of the particle, one can ﬁrst orthogonalize the modes then re-
arrange them so that the internal and scattering modes are cou-
pled pairwise on the surface, as the Mie modes. Furthermore, for
particles of the dimensions considered in this paper, only modes
with l¼1 need to be considered.
In order to control the response of the nanosphere, we have to
change the relative amplitudes of the modes that most affect the
overall response of the particle, which, for nanoparticles of the size
considered here, means transverse magnetic modes with l¼1. To
describe effects that are most easily observed experimentally, we
concentrate here on the control of two out of the three dominant
modes using two coherent light sources with surface ﬁelds labeled
f
1
, f
2
that are functions of the position on the surface. The real
amplitudes and phases of these ﬁelds are encoded in their com-
plex amplitudes a1, a2. As the third mode with the same l and m is
not controlled, the choice of which pair of modes to control de-
pends on whether we want to affect the light or the current. The
amplitude of the scattering mode, s, and of an internal mode i, are
given by,
−
=
′· ′·
′· ′· ( )
⎡
⎣
⎢
⎢
⎤
⎦
⎥
⎥
⎡
⎣
⎢
⎢
⎤
⎦
⎥
⎥
⎡
⎣
⎢
⎢
⎤
⎦
⎥
⎥
i f i f
s f s f
a
a
a
a
6
i
s
1 2
1 2
1
2
where ′( ′)i s is the biorthogonal mode that is orthogonal to all
modes other than ( )i s , see the Appendix for explicit formulae. We
can ﬁnd any pair of mode amplitudes, ai, as by changing the am-
plitudes of the incident ﬁelds as long as the determinant of the
matrix in (6) is invertible, i.e. as long as the condition
( ) ( ) ( ) ( )′· ′· ≠ ′· ′·i f i f s f s f/ /1 2 1 2 is fulﬁlled. Similarly, one could use the
second internal mode, j, instead of the scattering mode, replacing
′s with ′j and −as with aj, where the minus sign originates from
the boundary condition and is due to the fact that internal and
scattering modes are deﬁned on opposite sides of the surface. For a
sphere [36,17], the matrix in (6) is invertible only if the functional
dependence of f
1
on the position on the surface is different from
that of f
2
; therefore we have to use two sources of light whose
ﬁelds are expanded in terms of different types of spherical vector
solutions of the Maxwell equations. Physically, this means that we
can use a laser and either a converging or diverging spherical
wave, but not two lasers or two converging or diverging waves.
Note that using a standard external source and both a converging
and a diverging wave with a given l and m, it is possible to control
the amplitude of three modes with the same l and m. For instance,
one could suppress both internal modes, eliminating absorption
for that l and m.
Converging spherical waves are solutions of the Maxwell's
equations that can in principle be realized using a phased array of
radiation sources and sinks (which are the time reversal of sources
and absorb incoming waves [14]): this is practically very challen-
ging at the nanoscale, so we will concentrate in the following on
diverging, or outgoing, waves. Dipole radiation can be excited by
an impurity or color center of size <1 nm (an order of magnitude
smaller than the size of the sphere so that it does not affect sig-
niﬁcantly the bulk properties of the sphere) located anywhere
inside the sphere through any nonlinear up- or down-conversion
process of a ﬁeld at a different frequency [37]. The outgoing dipole
radiation has total angular momentum J¼1 with respect to the
center of the impurity, and can be decomposed in terms of sphe-
rical waves with =l 0, 1, 2 and = ±m 0, 1 [38], where the value of
m to consider depends on the speciﬁc nonlinear process used.
Using the translation theorem for spherical waves [32], we see
that these waves radiated from the dipole can be recast as a su-
perposition of spherical waves emerging from the center of the
sphere, but with angular momentum with respect to the center of
the sphere that can be larger than 2. However, for spheres of the
dimensions considered here, the response to waves with >l 1 is
extremely weak and can be neglected. Here we use modes with
indexes = =l m1, 0, which corresponds to assuming that one of
the two waves is generated through a second harmonic process by
an impurity at the center of the sphere [39], but the principles of
control are independent of m. A diagram of the proposed scheme
is shown in Fig. 1. Modes with l¼1 would still dominate the re-
sponse of the particle with an off-center impurity, but one may
have to consider also modes with = ±m 1, including as many
external control beams as m-values one wishes to control. From a
theoretical point of view, the matrix in (6) will include two extra
modes for each additional m-value [36]. In principle an undeﬁned
position would be detectable by measuring the relative amplitudes
of the = −m 1, 0, 1 channels, which would have to be controlled
separately. An estimate of the relative amplitudes with respect to
the centered impurity is provided by the translation theorem for
vector spherical wave functions and is at most of the order of the
ratio between the distance of the impurity from the center of the
Fig. 1. Diagram of proposed control scheme. The response of a spherical metallic
nanoparticle is controlled by varying the amplitude and relative phase between an
external source which is regular over the surface of the particle, f1, and a spherical
wave, f2, originating from a very small impurity at the center of the particle,
pumped at a frequency sufﬁciently separated from that of the control source.
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particle and the wavelength, so extremely small for the particles
considered here.
4. Results and discussion
We consider in the following aluminum and gold spheres pri-
marily of 5 nm radius producing resonances in the ultraviolet re-
gion, as these particle should be easily available in experiments.
These particles exhibit a blue-shift of the main resonance with
respect to particles with local response for the same geometry but
do not show extra resonances at short wavelengths. At the end of
the section we include results for smaller particles to demonstrate
that the control methods work in principle even for a smaller
particle, r¼1.5 nm, which does exhibit these additional re-
sonances, as well as for an intermediate particle, r¼3 nm. Particles
of this scale have been previously studied theoretically [27] as they
are above the length scale where core plasmons are signiﬁcant.
However, it is difﬁcult to realize smooth spheres with these di-
mensions which contain very small impurities or color centers; for
this reason we focus more on the 5 nm radius case.
The dielectric functions ωϵ( ) are given by a Lorentz–Drude
model [40,41], but our calculations also produce similar results
with different dispersion relations from the literature for these
materials. As the dimensions of the particles considered are
smaller than, or comparable to, the mean free path of the con-
duction electrons in the materials we include an additional size
dependent damping term in the dielectric function to account for
the increase in surface collisions [42]. To further demonstrate the
general applicability of the proposed coherent control method, we
include results obtained by applying the recently developed gen-
eralized nonlocal optical response theory (GNOR) [43], which ex-
plains the damping and broadening of plasmon resonances via
electron diffusion. For metals, the diffusion constant is τ≃D vF s
2
where the relaxation time associated to scattering processes can
be approximated for spherical particles as τ ω∼ 4/s p. If this con-
stant is instead treated as a free parameter, we observe that the
amplitudes of the modes vary exponentially with τs while their
phases barely shift and the suppression achieved through the
control is unaffected.
In Fig. 2(a) we compare the extinction cross sections for an
aluminum particle of this size, both with and without nonlocal
effects, and show in Fig. 2(b) that the particle response is domi-
nated by absorption. In view of experimental realization, it is im-
portant to consider that the effects we show in the following can
be qualitatively observed even when knowing the effective para-
meters of the particles with an uncertainty of −10 20%, as is often
the case [44]. For instance, as long as | ′· |s fa1 1 and | ′· |s fa2 2 are of the
same order, we can control the total scattered energy and in-
troduce sharp spectral features in the scattering spectrum [17]
simply by scanning the relative phase between f
1
and f
2
. In this
example, f
1
is a linearly polarized plane wave incident at π/2 with
respect to the z axis and f
2
is an outgoing spherical wave with
= =l m1, 0; which represents the dominant term resulting from
the selection rules for second harmonic generation by an impurity,
excited by a pump propagating along the z axis, where the am-
plitude a2 is normalized to unity. The amplitude, a1, is found by
expanding the external control wave in terms of spherical har-
monics [32]. In practical applications the efﬁciency of the non-
linear process generating f
2
would always be less than unity and
consequently the amplitude of the control wave would always be
signiﬁcantly smaller than that of the pump. We note that the size
of the particles considered is smaller than the skin depth, so that a
large fraction of the pump can reach the impurity. For sake of
simplicity, we assume the impurity is at the center of the sphere,
but we point out that moving the impurity off center would pro-
duce terms with differentlwhich do not change signiﬁcantly the
response of spheres of the dimensions considered here.
Using Mie modes we can control the relative amplitudes of the
internal modes and, as a consequence, the distribution of currents
and the absorption of energy due to the two internal modes in a
given l m, channel. In Fig. 3 we switch off the longitudinal mode
with = =l m1, 0, at a frequency far from the resonance in Fig. 2,
and show the effect of the control upon the power absorbed by the
particle as a function of the relative phase between f
1
and f
2
. This
effect could be best observed experimentally by looking at the
extinction cross section, as demonstrated in Fig. 3(c). As the local
model has no analog to the longitudinal mode, we apply the
parameters used to control this mode for the nonlocal system in
order to investigate the effect of the presence of nonlocality upon
the extinction. Far from the main resonance, Fig. 2(a) shows us
that we should expect the two models to produce similar results.
This is indeed what we observe, however there is a slightly greater
reduction in the extinction calculated with the local model,
Fig. 2. An aluminum sphere of radius 5 nm in vacuum is excited by a plane wave with unit amplitude. The dielectric function of the particle was calculated using a Lorentz–
Drude model with plasma frequency ω == 14.94 eVp and Fermi velocity = ×v 1.95 10 m/sF 6 [40]. (a) Extinction power over π4 sterad. as a function of normalized frequency
for a local and nonlocal response. (b) Total scattered and absorbed power for the nonlocal response. We observe that absorption dominates the response of the particle.
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indicating that it is the effect of the control upon the TM modes
present in both models, rather than the longitudinal mode, which
dominates the observed response for this particle. The reduction
in extinction happens at a phase different from the one where
optimal control of the longitudinal mode is achieved because the
extinction depends on all of the modes. Similarly, by minimizing
the amplitude of the scattering mode we can introduce extremely
sharp features in the scattering cross section in the direction or-
thogonal to both the pump and control.
In Fig. 4, we control the scattering mode for an aluminum
sphere at the peak of the main resonance in Fig. 2(a) where we
observe that the amplitudes of all three modes are reduced by
several orders of magnitude, as their spatial coherence on the
surface is very high near the resonance, shown in Fig. 4(a). By
integrating the scattered energy over a cone in the far ﬁeld, cor-
responding to the signal that would be detected by a wide angle
detector with a numerical aperture NA≈0.8, we observe a reduc-
tion of over six orders of magnitude in the light scattered, shown
in Fig. 4(b). Again we compare results for both the local and
nonlocal models, where the control parameters employed were
designed to minimize the relevant scattering mode for each
model. For scattering, the signals observed at the detector would
be too similar to distinguish between the two models for this size
of particle. We show in Fig. 5 that comparable results are obtained
for gold, where the scattering mode is controlled near the bulk
resonance for particles of this size at ω == 8.64 eV. At this fre-
quency the modes are not as spatially coherent as in the previous
ﬁgure and only the scattering mode amplitude is minimized, Fig. 5
(a), however the observed change in the light scattered by the
particle is very similar, Fig. 5(b).
To further investigate the differences between a local and
nonlocal response to control, in Fig. 6 we consider an aluminum
Fig. 3. Control on the = =l m1, 0 internal longitudinal mode at ω == 16.97 eV where the spherical wave, f2, has an amplitude | | =a 12 and the external control wave, f1, has
an amplitude | | = ×a 3.448 101
2. Same particle as in Fig. 2. (a) Minimization of the amplitude of the longitudinal mode via relative phase of radiation sources; the point where
| | =a 0i
L , to within numerical resolution, has been removed to avoid compressing the plot. (b) Reduction in the total power absorbed by the internal ﬁelds decomposed into
separate m channels for l¼1, where we observe that only the m¼0 channel is affected by the control. (c) Variation in the extinction cross section Cext for a small detector
having an acceptance half angle of 10 degrees. As the extinction is dependent upon both scattering and absorption, the observed minimum is shifted with respect to the
minimum of | |ai
L in (a) as the internal and scattered modes are out of phase. The solid black trace shows the extinction calculated when the control parameters designed for
the nonlocal model are applied to the local model.
Fig. 4. Control on the transverse magnetic scattering mode at ω == 8.64 eV where the spherical wave, f2, has an amplitude | | =a 12 and the external control wave, f1, has an
amplitude | | = ×a 1.04 101
2. Same particle as in Fig. 2. (a) Minimization of the amplitude of the scattering mode via relative phase of radiation sources; the point where
| | =a 0s , to within numerical resolution, has been removed to avoid compressing the plot. (b) We observe a sharp feature in the ﬁeld scattered at π/2 with respect to both the
pump and control beam, for a wide angle detector, with a half angle of 60 degrees. We include also the scattering due to control of the analogous mode for the local model
with | | = ×a 1.03 101
2. In this example the local and nonlocal traces are effectively indistinguishable. We include also a result obtained using a generalized nonlocal optical
response theory (GNOR) [43], which accounts for damping via nonlocal decay channels (see main text), to demonstrate that the coherent control is independent of the choice
of decay model.
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particle of radius 3 nm for which the effects of nonlocality should
be more pronounced. We employ the same method of control, for
the same sets of modes as in the previous ﬁgures. Fig. 6(b) shows
that the scattering for the local mode is not minimized as sharply
as it is for the nonlocal mode for this particle. Although there are
many orders of magnitude of difference between the minima of
the two curves, it may be easier to detect experimentally the dif-
ference in the extinction signals which are of an order of magni-
tude at their minima, ﬁgure 6(c), as the extinction signals are
greater than those of the scattering. Furthermore, similar results
could be expected to be observed if the amplitude of the control
wave was reduced by approx. −10 20%, see Fig. 6 in [17]. We note
also that strong suppression of the modes can still be achieved for
variations of the frequency of up to approx. 10%.
Finally, in Fig. 7(a) we compare the extinction power for an alu-
minum sphere of radius 1.5 nm exhibiting local and nonlocal re-
sponse to excitation by plane wave, where the dielectric function
does not include a damping term in the dielectric function to account
for surface collisions [42]. This ﬁgure is analogous to Fig. 7(b1) in [27],
where they show that additional resonances appear in the nonlocal
spectrum above the plasma frequency, for particles of these dimen-
sions. Again, we show in Fig. 7(b)–(c) that we are able to control the
response of these particles and also that for particles this small there
is a clear difference between the local and nonlocal response.
A particle with this type of control, if placed at the juncture
between two chains of nanoparticles, could allow or interdit the
passage of light at the frequency where the control is being op-
erated, as even the surface ﬁeld outside the particle can be made
negligible. In this example, the external ﬁeld f
1
would be the ﬁeld
emitted from the end of one chain near to the sphere. For this
speciﬁc application, however, one would have to consider carefully
the distance between particles: for sub-nanometer distances
modiﬁcations to the nonlocal theory [30] and quantum effects
such as spill-out charges [45] need to be included in the model.
Furthermore, we have shown that there are differences in the
extinction cross section due to the presence or absence of the
longitudinal mode for all the particle sizes considered. For scat-
tering, the difference is only detectable for the smaller particles,
r¼3 nm and r¼1.5 nm. For these particles, variations on the ex-
tinction cross section are much easier to detect than variations on
Fig. 5. A gold sphere of radius 5 nm in vacuum is controlled in the same way as in the previous ﬁgures, where the spherical wave, f2, has an amplitude | | =a 12 and the
external control wave, f1, has an amplitude | | = ×a 3.92 101
2. The dielectric function of the particle was calculated using a Lorentz–Drude model with plasma frequency
ω == 9.03 eVp and Fermi velocity = ×v 1.40 10 m/sF 6 [41]. Control based on changing the relative phase of the two incident waves near the bulk resonance, which for a
particle of this size occurs at around ω == 5.87 eV . (a)–(b) Same as Fig. 4.
Fig. 6. An aluminum sphere of radius 3 nm in vacuum is excited by a plane wave with unit amplitude. The dielectric function of the particle was calculated using a Lorentz–
Drude model with plasma frequency ω == 14.94 eVp and Fermi velocity = ×v 1.95 10 m/sF 6 [40]. (a) Extinction power over π4 sterad. as a function of normalized frequency
for a local and nonlocal response. (b) Control on the = =l m1, 0 scattering mode for both the local and nonlocal model. We observe the ﬁeld scattered at π/2 with respect to
both the pump and control beam, for a wide angle detector, with a half angle of 60 degrees. (c) Control on the = =l m1, 0 internal longitudinal mode at ω == 16.96 eV . The
local trace shows the extinction calculated when the control parameters designed for the nonlocal model are applied to the local model.
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the scattering cross section, so in principle one could use control
techniques to identify the effect of nonlocality.
5. Conclusions
In conclusion, we have presented a scheme for the coherent
control of scattered light and current in nanospheres with non-
local response, identifying extreme sensitivity to variations of the
relative phase of two coherent incident waves that can lead to
novel applications. These include the suppression of radiative
losses, sensing of variations in the electromagnetic properties of
the host medium and optical routing. We note that when using
light to control currents, the variation in absorption can be used to
reduce dissipation, enhance the detection of nonlinear processes
and lower ampliﬁcation thresholds. The theory we have presented
can be easily generalized to particles with other shapes: in most
cases the Mie approach based on separation of variables does not
apply, but the principal mode theory can be performed and it leads
to the same type of equations used here to design control schemes.
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Appendix
We recall that for monochromatic ﬁelds with frequency ω, the
longitudinal waves are associated to charge density waves, or
plasmons, but not to radiation, as EL is decoupled from time-de-
pendent magnetic ﬁelds. These waves have a wave vector [26]
ω ω Γ ω β= (ϵ ( + ) − ) ϵ ( )
⎡
⎣
⎤
⎦k i / , A.1L rb p rb
2 2 1/2
and are expanded in terms of the longitudinal solutions of the
Helmholtz equation [23], where ϵrb is the relative permittivity due
to bound charges and Γ is the damping constant of the material.
The electric and magnetic components of the Mie modes are
the transverse solutions of the Helmholtz equation,
( ) ( ) ( )θ ϕ θ ϕ= ( )M mr z kr, , , A.2lm l lm
( ) ( )θ ϕ θ ϕ= ∇ × ( )−N Mr k r, , , , A.3lm lm1
and the longitudinal solutions,
θ ϕ
θ ϕ
( ) = ∇ ( )
( )
( + ) ( )
−L r k j k r
Y
l l
, ,
,
1
,
A.4
lm l L
lm1
where k is the wavenumber of the transverse waves, mlm and
= ^ ×n r mlm lm are the vector spherical harmonics, Ylm are the scalar
spherical harmonics [46], zl can be either the spherical Bessel
function (internal ﬁeld) or the Hankel function of the ﬁrst kind
(scattering ﬁeld) of order l and jl is the spherical Bessel function of
order l.
For spheres with nonlocal dispersion, the normalized electric
multipole Mie modes are
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=
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ψ
i
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L
e , 0
,
A.5
lm
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i
lm
l
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−
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R
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,
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i
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lm
s s
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s
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where the bracketed notation deﬁnes the electric and magnetic
components of the mode successively and = ϵC i i , where ϵi is the
permittivity of the transverse waves that includes also the free
carriers contribution, = ϵCs e and the normalization factors and
phase used above are [35],
= − ( )N MR iC, , A.8l
i
lm
i i
lm
i
= − ( )N MR iC, , A.9l
s
lm
s s
lm
s
( )( ) ( )ψ = − − · ( )⎡⎣⎢ ⎤⎦⎥N M LiCIm log , , 0 . A.10lmi i lmi lm
The biorthogonal modes are given by the formula
′ = ( )
−u u G , A.11j i ij
1
where =u slm1 , =u ilm2 , =u ilm
L
3 , G
1 is the inverse of the (Gram)
matrix with elements = ( · )u uGij i j and we sum over repeated in-
dexes, where ilm
L is the longitudinal mode spatially correlated to slm
and ilm. The magnetic multipole Mie modes can be found by
swapping M and N in ((A.6)–(A.9)) and are not affected by the
presence of nonlocality. (there are only longitudinal electric
multipoles.)
Fig. 7. An aluminum sphere of radius 1.5 nm in vacuum is excited by a plane wave with unit amplitude. The dielectric function of the particle was calculated using a Lorentz–
Drude model with plasma frequency ω == 14.94 eVp and Fermi velocity = ×v 1.95 10 m/sF 6 [40]. (a)–(c) Same as Fig. 6.
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